SUMMARY
H av = H -2/3 S where H is the maximum height and S the sag of the catenary. In this contribution we suggest that, for normal steady operation and also for the analysis of transients propagation along the line, the best location to place the equivalent horizontal line is near the minimum height of the catenary.

OBJECT AND METHODS
The calculation and measurement of fields generated by overhead power transmission lines is a major present concern, as the continuous increase in human population, with a trend to concentrate in large cities, has created an unprecedented demand of electric power and accelerated the construction of power lines. Many of these facilities have been erected near or within populated areas, arising doubts about safety and possible health effects of prolonged exposures to EMF.
Several publications (for instance [1] - [ 3] ) have calculated and measured the electric and magnetic fields created by power transmission lines. Most assume horizontal straight lines parallel to a flat ground, and the sag due to the line weight is neglected or introduced by taking an "effective" or "average" height in between the maximum and the minimum heights of the line:
One recent paper calculates the magnetic field of a catenary line and reports differences as large as 40% between the exact calculation and values obtained from the straight line located at maximum height. Field distribution also varies along the span, contrary to the constant value produced by the straight line [4] . This calculation was made for a line with a distance of 100 m between poles, 13 m of maximum height and a 2m sag, values similar to those of most distribution lines.
In the present communication we calculate the quasi-static electric and magnetic fields of catenary lines at mid span under the line and compare the values obtained with those of the usual approximation of the average height horizontal line.
We also calculate and compare maxima values of the surface electric field on the line conductors. These values are associated with possible corona effect which may produce audible noise and radio interference, apart from losses.
Overhead power lines are designed to stand overvoltages and overcurrents due to transients, caused by lightning or unbalanced operation. Transients on overhead power lines are usually thought like voltage and current waves along the line, which is modeled as a multifilar transmission line, described by distributed circuit parameters in the form of partial capacity and inductance matrices, constant along the line.
From the electromagnetic field point of view, this model amounts to assume a TEM (transverse electromagnetic) wave propagation, where both the electric field and the magnetic field are normal to the propagation direction.
For catenary lines with large sags these assumptions are questionable, as there are field components along the propagation direction, albeit small, which preclude the existence of a TEM mode. Even when these components are neglected, the distributed circuit parameters vary along the line span, as the distance between real conductors and their images varies, yielding wave differential equations with variable coefficients. Solutions of these equations may introduce amplification or resonance phenomena which in turn would increase the overvoltage and overcurrent values induced by the lightning pulse.
In this work we calculate quasi-static catenary fields for various line geometries in the TEM approximation and point to some possible corrections of the usual horizontal line (at the average height) model to take the aforementioned factors into account. We also show that transient overvoltages (and overcurrents) may be larger than predicted by current horizontal line approximations.
Line geometry
From the geometrical point of view, lines are modelled by the usual catenary equation:
Here x is the coordinate along the line span and z(x) the height at position x. α is the solution of the transcendental equation:
In these formulae h is the minimum height, H is the maximum height and l the line span.
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Electrical models
From the electrical point of view, two cases are considered:
1) Low (industrial) frequency. Normal steady operation.
2) Medium to high frequency. Propagation of transients.
In the first case the aim is to calculate the quasi-static electric and magnetic fields in the vicinity and the electric field on the surface of the line conductors. The electric field is calculated using electrostatic images and the method of moments to find the charge distribution on the line conductors. The magnetic field is calculated through the Biot-Savart law with the complex-plane approximation to model the return currents in the imperfect soil [5] .
In the second case the aim is to ascertain the influence of the catenary shape on the propagation of a step pulse along the line. A single catenary line is modelled like a transmission line. The catenary and its image can be divided into small sections along its span ( Figure 1) where the usual circuit model is applied, leading to the well known telegrapher equations in the frequency domain:
where V(x) and I(x) are the voltage and current of the line,
Z(x) = R +jωL(x) is the series impedance and Y(x) =-jωC(x)
the parallel admittance per unit length of the line. The capacitance and inductance per unit length are in the catenary case:
a is the radius and R the resistance per unit length of the line conductor, which will be considered constant in this work.
These equations are difficult to solve. Schelkunoff [6] has shown that the telegrapher equations can be rewritten as integral equations using the Green function method. In turn, these integral equations can be solved by recursion with the iterative algorithm: 
and:
The solution to the telegrapher equations (3) can be written in terms of these recursive values:
and the starting values satisfy the equations:
which have the solutions: This recursive algorithm has been recently used [7] to predict the S parameters in a pair of coupled non uniform and tapered microstrip lines over a ground plane, a usual geometry in printed circuit board design. Good agreement has been found compared to quasi-static design formulae and numerical MoM and FDTD (finite difference time domain) calculations.
CALCULATION AND RESULTS
Quasi-static fields
Single-phase catenary. The following graphs compare quasistatic electric field under a single catenary line whose parameters are described in Table 1 [8] : Solid lines represent the catenary fields and short-dashed lines the fields calculated with the horizontal line model at height H av . Large differences may be seen.
Long-dashed lines represent the fields calculated with the horizontal line model at height h 0 , which is the height to locate the horizontal line in order to get the same charge distribution as in the catenary. This height is close to the minimum height of the catenary. It may be seen that differences in the fields between this latter model and the catenary are small.
Three-phase catenary. Quasi-static multiconductor lines have non uniform charge distributions due to proximity effects. These effects are taken into account through the well known method of moments (MoM) [9] :
Three configurations of three-phase standard transmission lines illustrated in Figures 5-7 were used to compare the horizontal line model with the catenary model for the calculation of the surface electric field on the conductors. This magnitude is directly related to audible noise and RF interference caused by corona in overhead lines. Table 2 compares the values obtained It may be seen that again the horizontal model at the average height presents large deviations from values for the catenary model.
From both calculations in this section we conclude that the estimation of quasi-static electric and magnetic fields created by catenary power lines is better done placing the equivalent horizontal lines at a slightly higher level that the minimum catenary height over ground.
L (m) H(m) h(m)
∆y ( 
Transients Propagation
The transient source is a unitary step function voltage applied to one extreme (source extreme) of the catenary defined by the parameters of TABLE 1. The other (end) extreme is assumed to be open. The telegrapher equations are solved for the equivalent horizontal (uniform) line at h 0 and the recursive algorithm is applied for the catenary geometry. Figure 8 illustrates the predicted voltage at the end extreme. In the catenary model, a ripple of about 3-5% above the horizontal model value is seen. This ripple arises from the non uniform line parameters, and was observed experimentally by Wagner et al. [10] . Similar theoretical results were obtained by Gutierrez R. et al. applying the so called method of characteristics [11] .
We may conclude that the non-uniformity introduced by the catenary shape alters, although in a small amount, the transmission characteristics of transients along the line.
CONCLUSIONS
The adequacy of the current model of substitution of catenary lines by equivalent horizontal straight lines placed at the "average height" for quasi-static fields and the influence of the catenary shape on the electromagnetic behaviour of transients propagation has been studied.
Catenary lines are usually modelled by horizontal lines located at the average height. In case where the sag is small this is an adequate approximation to simplify the mathematical treatment of the quasi-static (industrial frequency) fields and the propagation of transient waves.
When the sag is pronounced, as in distribution lines in stepped terrain, we have shown that the usual model is not realistic and a better model for the calculation of the quasistatic fields is to place the equivalent horizontal line near the minimum height of the catenary.
As to transient waves we have found that the non uniform transmission line characteristics lead to small ripple (about 3-5%) above the horizontal line overvoltage values.
